In this paper, we study the existence of positive solutions for a singular second order impulsive differential equations with Stieltjes integral boundary conditions. By means of fixed point theorems, some results on the existence and multiplicity of positive solutions are obtained. Two examples are given to demonstrate the main results.
Introduction
In this paper, we consider the existence of positive solutions for the following second-order impulsive boundary value problem (IBVP for short) ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 
x (t) + a(t)x (t) + b(t)x(t) + h(t)f (t, x(t)
where a ∈ C(J), b ∈ C(J, (-∞, )),  < η <  and  < αφ(η) <  are given, φ is the unique solution of the linear boundary value problem
The authors established the existence of at least one positive solution of (.) if f is either superlinear or sublinear by applying the fixed point theorem in cones.
Inspired by the work of the above papers, the aim of this paper is to establish the existence and multiplicity of positive solutions for the IBVP (.). We discuss the boundary value problem with Stieltjes integral boundary conditions, i.e., the IBVP (.) which includes second order two-point, three-point, multi-point and nonlocal boundary value problems as special cases. Moreover, α [·] and β [·] are two linear functions on C[, ] denoting the Stieltjes integrals, where A, B are of bounded variation, that is dA and dB may change sign. By using the Krasnosel'skii fixed-point theorem and the Leggett-Williams http://www.advancesindifferenceequations.com/content/2012/1/124 fixed point theorem, some existence and multiplicity results of positive solutions are obtained.
This paper is organized as follows. In Section , we present some preliminaries and lemmas. Section  is devoted to the proof of the main results. In Section , two examples are given to demonstrate the validity of our main results.
Some preliminaries and lemmas
In this section, we first introduce some background definitions in a Banach space, present some basic lemmas, and then present the fixed point theorems that are to be used in the proof of the main results.
Let
. . , m, and x (t + i ) exists for i = , , . . . , m} with the norm x PC  = max{ x PC , x PC }, where
. Let φ and ψ be the unique solution of the following boundary value problem
respectively. Then φ is strictly increasing on J, ψ is strictly decreasing on J.
Throughout this paper, we adopt the following assumptions:
where
Remark . If dA and dB are two positive measures, then assumption (H  ) can be replaced by the weaker assumption
has a unique solution given by the following formula:
Proof By similar arguments in [] . So it is omitted.
Remark . If (H  ) holds, then for any t, s ∈ J, it is easy to testify that
where γ = min ξ ≤t≤η γ (t). Put
Clearly, K is a cone of PC(J, R + ). For any r > , let K r = {x ∈ K : x PC < r}, ∂K r = {x ∈ K :
, we define two operators T and S by
and
Proof Problem (.) has a solution x if and only if x solves the operator equation x = Tx in K . Let x ∈ K , by (.) and the monotonicity of φ, ψ, we have
G(s, s)p(s)h(s)f s, x(s) ds
Moreover, by (.) and the definition of γ , we have
On the other hand,
G(t, s)p(s)h(s)f s, x(s) ds dA(t)
+ ( -k  ) j i= ρ - p(t i )φ(t i )I i x(t i ) + k  m i=j+ ρ - p(t i )ψ(t i )I i x(t i ) = ( -k  )α[x] + k  β[x] +   G A (s)h(s)f s, x(s) ds + ( -k  ) j i= ρ - p(t i )φ(t i )I i x(t i ) + k  m i=j+ ρ - p(t i )ψ(t i )I i x(t i ) ≥ , β[Tx] = β[ψ]α[x] + β[φ]β[x] + β[Fx] + β[Qx] http://www.advancesindifferenceequations.com/content/2012/1/124 = k  α[x] + ( -k  )β[x] +    
G(t, s)p(s)h(s)f s, x(s) ds dB(t)
This shows that T : K → K . Now we consider the operator S. Similarly as for the operator T, we have
G(s, s)p(s)h(s)f s, x(s) ds
Moreover,
This yields that S :
Next, by similar arguments in [], one can prove that T : Proof Let x be a fixed point of the operator S, i.e., x = Sx. Then by (.) and (.), we have
So we have
This implies that x also is a fixed point of the operator T.
On the other hand, let x be a fixed point of the operator T, i.e., x = Tx. Then
Therefore,
This implies that x is also a fixed point of the operator S. The proof is completed. 
Lemma . [, ] Let K be a cone in a real Banach space X, K c = {x ∈ K : x < c}, ϕ is a nonnegative continuous concave functional on K such that ϕ(x) ≤ x , for all x ∈ K c , and
Then T has at least three fixed points x  , x  and x  with 
Main results
where ω denotes  or ∞. Let
and let the nonnegative continuous concave functional ϕ on the cone K be defined by
In this section, we apply Lemmas . and . to establish the existence of positive solutions for IBVP (.). Since operators T and S have the same fixed points (see Lemma .), to prove the following theorems we always use the operator S instead of T. 
Theorem . Assume that (H  )-(H
ε  < min  [L  + σ (L  + L  )] ,  σ ( j i= ρ - p(t i )φ(t i ) + m i=j+ ρ - p(t i )ψ(t i )) . (.) If x ∈ K r  , then x PC ≤ r  . So we have  ≤ x(t) ≤ r  , t ∈ J and max t∈J Fx(t) ≤   G(s, s)p(s)h(s)f s, x(s) ds ≤ L  ε  r  , (  .  ) max t∈J Qx(t) = max t∈J ψ(t) j i= ρ - p(t i )φ(t i )I i x(t i ) + φ(t) m i=j+ ρ - p(t i )ψ(t i )I i x(t i ) ≤ j i= ρ - p(t i )φ(t i )I i x(t i ) + m i=j+ ρ - p(t i )ψ(t i )I i x(t i ) , (  .  ) α[Fx] =   Fx(t) dA(t) =    
G(t, s)p(s)h(s)f s, x(s) ds dA(t)
≤ ε  r    G A (s)h(s) ds = ε  r  L  , (  .  ) β[Fx] =   Fx(t) dB(t) =    
G(t, s)p(s)h(s)f s, x(s) ds dB(t)
So, by (.)-(.), for any x ∈ ∂K r  , t ∈ J, we have
which means that
Next, consider max{f ∞ , I ∞ , . . . , I m∞ } = ∞. Without loss of generality, we assume that max{f ∞ , I ∞ , . . . , I m∞ } = f ∞ , which means that there exists r  >  such that f (t, u) > ε  u for all t ∈ [ξ , η] and u ≥ r  , where ε  satisfies
G(s, s)p(s)h(s)f s, x(s) ds
Consequently, we have
Applying ( Proof Consider max{f  , I  , . . . , I m } = ∞. Without loss of generality, we assume that max{f  , I  , . . . , I m } = f  , which means that there exists
which yields that
On the other hand, it follows from
. . , m) for all t ∈ J and u ≥ R  , where ε  >  satisfies (.). Similar to (.), for any x ∈ ∂K R  , t ∈ J, we have
Applying (ii) of Lemma . to (.) and (.) yields that S has a fixed point
Thus it follows that IBVP (.) has a positive solution x * .  ) hold. In addition, we suppose that there exist positive constants , and a < b < c such that 
Theorem . Assume that (H  )-(H
Then IBVP (.) has at least three positive solutions x  , x  and x  with 
which means that Sx PC ≤ c, x ∈ K c . Therefore, S : K c → K c . By Lemma ., we know that S : K c → K c is completely continuous.
Next, it follows from condition (S  ) that if x ∈ K a then
So the condition (C  ) of Lemma . holds. Now, we take x(t) = b+c  , t ∈ J, then it is easy to see that x(t) = b+c  ∈ K(ϕ, b, c), and hence
On the other hand, if 
